This abstract presents an unified framework for aggregated modeling of various responsive loads. The general model consists of coupled partial differential equations derived by drawing the connection with stochastic hybrid systems.
INTRODUCTION
Responsive loads such as Thermostatically Controlled Loads (TCLs) and Plug-in Electric Vehicles (PEVs) are typically able to adjust its energy use according to some external control signal (such as price or frequency) with imperceptible impacts on its end-use performance [2] . However, nondisruptive demand response programs often result in complex and fast aggregated load dynamics, which may lead to severe impact on the distribution and transition systems. Therefore, accurate modeling of aggregated load dynamics is of fundamental importance for systematic analysis and design of various demand response strategies.
It is worth pointing out that most of the existing works only consider a one dimensional linear differential equation model of the individual TCL [4, 3, 5] . However, multidimensional models are necessary in order to reproduce the transient response of the aggregated loads precisely. Moreover, there is no systematic way of obtaining the boundary conditions for the Partial Differential Equation (PDE) model in those works, which are essential for properly solving the loads distribution. However, since the state space are partitioned by multiple switching surfaces, and the physical intuition of the flux behavior on the boundary is rather ambiguous, the determination of the boundary conditions for high dimensional diffusion process can be very challenging, and actually none of the methods proposed in the above mentioned works can be directly generalized to deal with the multidimensional case. Besides, these models did not take into consideration of users' individual preferences and control settings. Such heterogeneity further complicate the modeling of the aggregated dynamics. Therefore a general aggregation model which can describe different types of loads and account for Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for profit or commercial advantage and that copies bear this notice and the full citation on the first page. Copyrights for thirdparty components of this work must be honored. For all other uses, contact the Owner/Author. Copyright is held by the owner/author(s). various heterogeneities is of great importance to meet the practical needs.
Our study will offer an accelerated aggregated modeling procedure: once the individual load dynamics are specified, one can immediately obtain the PDE model that captures the aggregated dynamics, without going through the whole derivation of the PDE and the corresponding boundary conditions on a case-by-case basis. Secondly, the solution of the PDE model, namely, the probability density function (PDF) can be used to accurately predict the aggregated power response under demand response. Lastly, our work will provide the ground-truth model for evaluating and developing simplified models.
PROBLEM FORMULATION
Usually the operation of the responsive loads involves multiple discrete modes. Transitions among these modes are governed by certain switch logic rules that depend on the evolution of the continuous states governed by Stochastic Differential Equations (SDE). These characteristics make it natural to model an individual responsive load as a hybrid system. We consider a large number N of responsive loads, each of which can be modeled as a stochastic hybrid system (SHS). We will differentiate two kinds of heterogeneities caused by load parameter θ and control parameter α, respectively. For an individual load, the dynamics of the discrete mode can be modeled as deterministic jumps, which are triggered when a sample path of the SDE reaches the boundary ∂Xi of the associated domain Xi for mode i. These switching surfaces represent various operational limits of the responsive loads in applications. We assume for any mode i, Xi ⊂ R n is a connected and oriented manifold with C 2 boundary, and its boundary ∂Xi is also connected. In addition, for clarity we will restrict our concern to the situation where each mode has at most one outflow switching surface and one inflow switching surface. Our goal is to establish an aggregated model to capture the overall dynamics of the N loads, such that conditioned on the distributions of initial states and parameters θ and α, its output can predict the aggregated power as precisely as possible.
LOADS AGGREGATION
We assume that the power demands of each individual loads are independent stochastic processes conditioned on known information such as weather and time that are major factors affecting the demands of TCLs and deferrable loads [4] . Therefore the state trajectories of each individual loads are also independent and can be considered as sample paths of some stochastic process. Thus the aggregated modeling problem turns into the characterization of the evolution of the hybrid states density function of that stochastic process. This boils down to the derivation of the PDEs and the corresponding boundary conditions that are satisfied by the density function. We will first address the methods of modeling heterogeneities as mentioned in the previous section, since it is where a stochastic process viewpoint becomes natural.
Dealing with Heterogeneities
In our model, the heterogeneities of the loads motion are reflected by 1) the initial distribution of the hybrid states, 2) load parameters θ, 3) control parameters α, and 4) the Brownian motion. The first one simply enters the aggregated model as the initial condition. Both kinds of parameters can be regarded as continuous states with no dynamics. The difference is that the control parameter directly determines the boundary condition. Therefore theoretically there is no difference in dealing with systems with or without parameter heterogeneity. However, the increase in dimensionality will cause major computational issues. One intuitive way to address this issue is to perform a clustering to the load group and thus obtain smaller groups with homogeneous parameters.
Continuous State Space Characterization
It can be expected that due to the introduction of deterministic jumps on the boundaries, the aggregated model shall depend on the characterization of the domains and boundaries. Based on some mild assumptions, we can identify two general cases of the relative positions of the subdomains associated with the discrete modes. Roughly speaking, either the outflow switching surface is entirely contained in the subdomain of its premode, or they are disjoint. Moreover, the corresponding boundaries and orientations of those overlapped subdomains can be obtained.
Extended Generator and PDE Models
Loosely speaking, the extended generator of a stochastic process describes the functional time derivative of some certain set of functions defined on the state space of the process. It is generally characterized by a differential operator and its domain (that certain class of functions), which completely determines the probability measure of the process. The extended generator of the SHS process defined in our work is can be obtained by applying Theorem 2 of [1] . It is well known that the Kolmogorov backward and forward equations describe the evolutions of the expectation and the PDF of a Markov diffusion process, respectively. These two equations also define a pair of second order partial differential operators, and they are formal adjoint of each other over R n . Similarly, for the domains with boundaries in our case, we can determine the adjoint operator of the extended generator and the corresponding function space. To this end, we will rely on the Dynkin's formula and a C 2 −manifold version of divergence theorem to shift the differential operator from the test function (which belongs to the domain of the extended generator) to the piecewise C 2 PDF. Then the Dynkin's formula can be further manipulated to collect surface integrals and volume integrals separately according to the integration domains. Those surface domains are actually the boundaries identified in the last section. Based on some observations and arguments on the obtained equality, we can obtain a set of general parabolic PDEs and boundary conditions. Without considering the random jump, these PDEs reduce to the famous Fokker-Planck equations coupled at boundaries. A physical interpretation of the obtained boundary conditions will make it clear that those conditions are the high dimensional generalization of the absorbing condition, continuity condition, and the probability conservation condition obtained in [4] for one-dimensional case. It can be easily shown that our PDE models contain many of the existing aggregated modeling works as its special cases, e.g. [4, 3, 5] .
CONCLUSIONS
This paper developed a general stochastic hybrid system models for the aggregation of large population of responsive loads. General nonlinear stochastic differential equations are employed to describe the continuous state evolutions between discrete mode transitions, and the transition mechanism is modeled by both deterministic and random jumps. A general description of the continuous state domain has been formulated. Based on which, the bulk motion of the loads is characterized by the evolution of the probability density function of the hybrid states, which satisfies a system of parabolic partial differential equations coupled both in the domain and on the boundary. The complete set of boundary conditions are obtained for the general partial differential equations. The obtained results generalized many existing results and can be directly applied to more general modeling scenarios.
